Some aspects of Rotation Theory on compact abelian groups by Cruz-López, Manuel et al.
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Abstract. In this paper we present a generalization of Poincare´’s Ro-
tation Theory of homeomorphisms of the circle to the case of one-
dimensional compact abelian groups which are solenoidal groups, i.e.,
groups which fiber over the circle with fiber a Cantor abelian group.
We define rotation elements, a` la Poincare´ and discuss the dynamical
properties of translations on these solenoidal groups. We also study the
semiconjugation problem when the rotation element generates a dense
subgroup of the solenoidal group. Finally, we comment on the relation
between Rotation Theory and entropy for these homeomorphisms, since
unlike the case of the circle, for the solenoids considered here there are
homeomorphisms (not homotopic to the identity) with positive entropy.
This is a preliminary version of the published article with minor cor-
rections: Cruz-Lpez, Manuel; Lpez-Hernndez, Francisco J.; Verjovsky,
Alberto; Some aspects of rotation theory on compact abelian groups.
Colloq. Math. 161 (2020), no. 1, 131155.
1. Introduction
Rotation Theory has been an area of intense investigation since its origin
in the work of H. Poincare´ [25] in the 1880’s.This theory deals with the study
of the average behavior of orbits of points in a space under the iteration
of functions or flows, but unlike Ergodic Theory, which looks at almost
all points, Rotation Theory looks at all points. Much of the dynamics is
revealed by rotation sets, thus Rotation Theory is part of the Dynamical
Systems Theory (see [23] for an introductory account of Rotation Theory).
Given f an orientation-preserving homeomorphism of the unit circle S1
Poincare´ introduced an important invariant, ρ(f), the rotation number. This
number ρ(f) is an invariant of topological conjugacy. Poincare´’s result in
this setting establishes a relationship between the dynamics of f and the
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translation Rρ(f), whose dynamics depend on the arithmetic nature of ρ(f).
More precisely, Poincare´’s theorem states that for any orientation-preserving
homeomorphism f of the unit circle, ρ(f) is rational if and only f has a
periodic orbit, and in this case, any nonperiodic orbit is asymptotic to a
periodic orbit (see [15] for a general statement). If the rotation number
ρ(f) is irrational then f is semiconjugate to an irrational rotation Rρ(f).
The semiconjugacy is actually a conjugacy if the orbits of f are dense. This
is a clear illustrationof the relationship between the qualitative behavior of
orbits and the rotation set.
The study for homeomorphisms of the n-dimensional torus Tn is more
subtle and many authors have contributed to the theory. For instance, in
the 1950s S. Schwartzman took an interesting approach in the case of an
abstract compact metric space using asymptotic cycles [28].
The basic objective of this work is to describe some aspects of Rota-
tion Theory on general compact abelian topological groups G. Our work is
motivated and follows the same lines of work done in [6] for G = S, the
group called the universal one-dimensional solenoid (see Section 6.3 for a
detailed account). Although we discuss the general case, we will continue to
focus on one-dimensional solenoidal groups, which are locally compact and
Hausdorff abelian groups.
The rotation set for a homeomorphism f : G −! G isotopic to the
identity is a subset of Hom(Char(G),R), where Char(G) is the character
group of G consists of continuous homomorphisms from G to S1. From the
dynamical perspective, and following the path pioneered by Poincare´, the
first case to study is that of translations by a specific element of the group.
Using a monothetic generator of the group it is possible to describe the
topological and ergodic properties of translations.
In order to get a nontrivial Rotation Theory, one must consider appro-
priate groups. The following cases are well-established:
(1) If G is the finite group Z/nZ, the character group of G is isomor-
phic to itself and therefore Hom(Z/nZ,R) = 0, which implies the
Rotation Theory is trivial.
(2) WhenG is the unit circle S1, Char(S1) ∼= Z and therefore Hom(Z,R) ∼=
R. The rotation set consists of a single point: the usual translation
number of Poincare´ [25], [9], [11].
(3) For G the 2-dimensional torus T2, Char(T2) ∼= Z× Z and therefore
Hom(Z× Z) ∼= R× R. The rotation set is the usual translation set
[7], [13], [24].
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Any compact abelian torsion-free group G admits a decomposition of the
form
⊕
r0
S×
∏
p∈P
⊕
rp
Zp

where r0 and rp are cardinal numbers, S is the universal one-dimensional
solenoidal group see Example 2.7 for the full definition), Zp is the Cantor
group of p-adic integers and P is the set of all prime numbers (see e.g.,
[12, 27]).
For these more general groups what is currently known about Rotation
Theory is as follows:
(1) If G is a totally disconnected group, the isotopy component of the
identity in the group of homeomorphisms is trivial.
(2) If G is a one-dimensional solenoidal group (i.e., the Pontryagin dual
of a dense subgroup of Q with the discrete topology) initial steps
were developed in [6]. These results are described in Section 6.3.
For a general compact abelian group G there is no such structure the-
orem, even though some possible factors appearing in the decomposition
mentioned above are groups already discussed. From the viewpoint of Ro-
tation Theory, it is not enough to study each factor separately, as illustrated
by the Rotation Theory of the torus T2.
Finally, another important aspect analyzed in this work is the relation-
ship between Rotation Theory and entropy (see a historical account of en-
tropy in dynamics in [14]). This topic has been the subject of intense study
during the last 20 years for instance in [5, 15, 17, 18, 20, 21].
The article is organized as follows. Section 2 introduces general aspects
of compact abelian groups including duality theory. Section 3 describes the
suspension of a homeomorphism of a compact abelian group which is iso-
topic to the identity. Section 4 then describes rotation sets for homeomor-
phisms of compact abelian groups which are isotopic to the identity (this is
done in two slightly different ways derived from asymptotic cycles). Dynam-
ical properties of translations are presented in Section 5 and Section 6 is
a summary of Poincare´’s Rotation Theory on three fundamental examples:
the circle, the torus and the universal one-dimensional solenoid. Section 7
summarizes the relationship between entropy and rotation sets as described
in several recent works. Finally, in Section 8, we comment on the group of
homeomorphisms of a general compact abelian group.
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2. Compact abelian groups
This section is a brief summary of relevant portions of the theory of
compact abelian groups. It provides basic definitions and introduces the
character group and Pontryagin duality.
Recall we are focusing on topological abelian groups which are locally
compact and Hausdorff.
2.1. Abelian groups. Let G be a set with a binary operation · : G×G −!
G and let τ be a family of subsets of G. The set G is called a topological
group if
(1) (G, ·) is a group,
(2) (G, τ) is a topological space,
(3) The maps m : G×G −! G and i : G −! G given by
(x, y) 7−! x · y, x 7−! x−1
respectively are continuous.
The operation of the group will be denoted by + and the identity element
by 0.
Here are some general examples:
Example 2.1. (1) Any abelian group equipped with the discrete topol-
ogy is a topological abelian group.
(2) If {Gα}α∈Λ is a family of topological abelian groups, the product
space
∏
α∈Λ
Gα with the natural group operation and the product
topology is a topological abelian group.
(3) A projective limit lim −
α,β∈Λ
{ϕαβ : Gβ −! Gα} obtained from a directed
set Λ, where {ϕαβ}
α,β∈Λ
are epimorphisms of compact abelian groups,
is a compact abelian group.
An important special instance of Example 2.1(3) above is the following.
Example 2.2 (Profinite completion of Z). The profinite completion of Z is
Ẑ = lim −
n∈N
Z/nZ
=
{
x = (an)n∈N ∈
∏
n∈N
Z/nZ : am ≡ an modm, ∀ m | n
}
.
With the group structure and topology induced from the product space,
Ẑ is a compact abelian and Hausdorff topological group. With respect to
this profinite topology, Ẑ is totally disconnected and perfect, and hence
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homeomorphic to the Cantor set [30]. Moreover, Ẑ admits a dense inclusion
of Z.
Let G be a locally compact abelian group. If g ∈ G, the following maps
are well-defined:
(Left translation) Lg : G −! G, x 7−! x− g
(Right translation) Rg : G −! G, x 7−! x+ g
Recall that we had previously defined
(Inverse Map) i : G −! G x 7−! x−1
Proposition 2.3. The maps Lg, Rg and i are homeomorphisms.
If H is a subgroup of G, the set of cosets of H in G is called the quotient
space of G by H, denoted by G/H. The canonical projection
pi : G −! G/H is given by x 7−! [x] := xH.
In G/H we define the quotient topology as the finest topology which makes
the projection map continuous. That is, U ⊂ G/H is open if and only if
pi−1(U) ⊂ G is open.
Remark 2.4. If H is a subgroup of G then G/H is Hausdorff if and only
if H is closed.
Example 2.5 (Circle). The quotient group R/Z is called the one-dimensional
torus and it is denoted by T. This abelian group is isomorphic to the group
of the circle S1 under the exponential map.
Example 2.6 (Tori). The n-dimensional torus
Tn = S1 × · · · × S1︸ ︷︷ ︸
n times
and the infinite torus
T∞ =
∏
n≥0
S1
are compact abelian topological groups.
Example 2.7 (Universal Solenoid). The subset of T∞
S := {(xn)n≥0 ∈ T∞ : xm−nm = xn, when n | m}
is a compact abelian topological group called the universal one-dimensional
solenoid. The projection of S onto the first factor determines a Ẑ-bundle
structure Ẑ ↪−! S −! S1. Furthermore, S admits a dense one-parameter
subgroup σ : R ↪−! S and it is locally homeomorphic to the product of
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the Cantor set and an interval. Because S contains a dense one-parameter
subgroup, S is called a solenoidal group. Denote by L0 the image of R under
σ. One has that L0 is the connected component of the identity.
2.2. Characters and duality. The set
Char(G) := Homcont(G,S1)
consisting of all continuous homomorphisms from G into the multiplicative
group S1, is a topological abelian group with respect to the operation
(χ1 · χ2)(x) = χ1(x)χ2(x), (x ∈ G, χ1, χ2 ∈ Char(G))
and the uniform topology. This group is called the character group, or the
Pontryagin dual of G.
The character group has the following properties.
Remark 2.8. (1) If G is a compact abelian group then Char(G) is a
discrete abelian group.
(2) If G is a discrete abelian group then Char(G) is a compact abelian
group.
(3) (Pontryagin duality) Char(Char(G)) ∼= G.
The following are important examples:
Example 2.9. (1) Char(S1) ∼= Z.
(2) Char(Tn) ∼= Zn.
(3) Char(Ẑ) ∼= Q/Z, where Q/Z is the group of roots of unity.
(4) Char(S) ∼= Q.
Example 2.10 (Solenoids). 1-dimensional compact abelian solenoidal groups
are Pontryagin duals of subgroups of the additive rational numbers Q with
the discrete topology. They are inverse limits of directed sets of epimor-
phisms of the circle onto itself (see Example 2.7).
Remark 2.11. [29] Suppose G is also compact and connected. If Hˇ1(G,Z)
denotes the first Cˇech cohomology group of G with coefficients in Z then,
Hˇ1(G,Z) ∼= Char(G).
3. Homeomorphisms and suspensions
We describe the suspension of a homeomorphism of a general compact
abelian group and focus on homeomorphisms isotopic to the identity. Some
comments on the character group of a suspension space are made and mea-
sures defined on groups and suspensions are also considered.
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The suspension of a homeomorphism is a special case of the much general
case of the suspension of a representation. This construction fits in the
context of Foliation Theory. A very complete treatment on the subject of
Foliation Theory is [3]. The character group of the suspension is treated via
the Bruschlinsky-Eilenberg’s theory as in [28].
3.1. The suspension of a homeomorphism. Denote by Homeo(G) the
group of all homeomorphisms f : G −! G. Suppose that f ∈ Homeo(G)
and consider on G× [0, 1] the equivalence relation
(z, 1) ∼ (f(z), 0) (z ∈ G).
The suspension of f is the compact space
Σf (G) := G× [0, 1]/(z, 1) ∼ (f(z), 0).
In Σf (G) there is a well-defined flow φ : R × Σf (G) −! Σf (G), called the
suspension flow of f , given by
φ(t, [(z, s)]) := φt([(z, s)]) = [(f
m(z), t+ s+m)],
if m ≤ t+ s < m+ 1. Here fm = f ◦ · · · ◦ f︸ ︷︷ ︸
m times
denotes the mth iteration of f .
The canonical projection pi : G× [0, 1] −! Σf (G) sends G×{0} homeo-
morphically onto its image pi(G×{0}) ≡ G and every orbit of the suspension
flow intersects G. The orbit of any (z, 0) ∈ Σf (G) must coincide with the
orbit φt(z, 0) at time 0 ≤ t ≤ T for T an integer.
The subgroup of Homeo(G) containing all the homeomorphisms which
are isotopic to the identity will be denoted by Homeo+(G). When f ∈
Homeo+(G), the suspension Σf (G) is homeomorphic to G × S1 hence if G
is a compact abelian group, Σf (G) is also a compact abelian group.
Remark 3.1. The compact abelian topological group structure of G × S1
will play a fundamental role in the writing. In what follows when f ∈
Homeo+(G) we will abuse the notation by considering Σf (G) as a compact
abelian topological group with the structure of G× S1.
3.2. The Universal Solenoid as the suspension of a translation in Ẑ.
We illustrate the general construction of the suspension of a representation
by describing the universal solenoid as the foliated space obtained from the
suspension process. Recall that the fundamental group of the circle pi1(S1)
is isomorphic to the group of integers Z. Also, Ẑ admits a dense inclusion i :
Z! Ẑ of Z. Let i(n) = n. Denote by Homeo(Ẑ) the group consisting of all
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homeomorphisms of the Cantor group Ẑ. Take a representation pi1(S1) −!
Homeo(Ẑ) acting by translations and consider the action of Z on R× Ẑ:
Z× (R× Ẑ) −! R× Ẑ, (n, (t, x)) 7−! (t+ n, x+ n), n ∈ Z, t ∈ R, x ∈ Ẑ
Here, R is thought of as the universal covering space of the circle S1.
The action of Z in the first component is by deck transformations and
in the second coordinate is by translations inside the profinite completion
Ẑ. The universal solenoid S is the foliated space obtained as the quotient
R×Z Ẑ.
Example 3.2. If f ∈ Homeo+(S1) then the suspension space Σf (S1) is
homeomorphic to the torus T2. The suspension flow is
φ(t, (z, s)) = (fm(z), t+ s+m), t ∈ R, (z, s) ∈ T2,
if m ≤ t+ s < m+ 1 (see Figure 1).
Figure 1. Suspension flow with a periodic orbit of period 2
The universal solenoid S is the suspension space of a homeomorphism of
the Cantor group Ẑ. In fact, it is the suspension of translation by 1 in Ẑ
(adding machine).
Example 3.3 (The solenoid as a suspension). If R1 : Ẑ −! Ẑ is the home-
omorphism of translation by 1 = i(1) (i : Z! Ẑ is the canonical inclusion)
them the suspension space
ΣR1(Ẑ) = Ẑ× [0, 1]/(s, 1) ∼ (R1(s), 0)
is homeomorphic to the solenoid S. This can be explained as follows: Identify
any element s in the canonical fiber Ẑ ↪−! S with [(s, 1)] ∈ ΣR1(Ẑ), and
any element s+x ∈ S, (x ∈ (0, 1) ⊂ L0) with the element [(s, x)] ∈ ΣR1(Ẑ).
The one-parameter subgroup σ : R ↪−! S defines a flow R × S −! S:
(t, z) 7−! σ(t) + z. Clearly this flow coincides with the suspension flow φt.
Note that R1 is not isotopic to the identity, so the topological structure
of ΣR1(Ẑ) is not the topological product structure Ẑ× S1, in fact ΣR1(Ẑ) is
connected.
SOME ASPECTS OF ROTATION THEORY ON COMPACT ABELIAN GROUPS 9
3.3. Characters and suspensions. Denote by C(Σf (G),S1) the topolog-
ical abelian group of continuous functions from Σf (G) to S1 under pointwise
multiplication and with the compact-open topology.
The subset R(Σf (G),S1) ⊂ C(Σf (G),S1) consisting of continuous func-
tions h : Σf (G) −! S1 that can be written as h(z, s) = exp(2piiψ(z, s))
with ψ : Σf (G) −! R a continuous function, is a closed subgroup. Hence
the quotient group C(Σf (G), S1)/R(Σf (G), S1) is a topological group. By
Bruschlinsky-Eilenberg’s theory,
Hˇ1(Σf (G),Z) ∼= C(Σf (G),S1)/R(Σf (G),S1).
Since
Hˇ1(Σf (G),Z) ∼= Char(Σf (G)),
it follows that
Char(Σf (G)) ∼= C(Σf (G),S1)/R(Σf (G),S1).
On the other hand, since Σf (G) has the same topological product group
structure as G× S1, this implies that its character group is given by
Char(Σf (G)) ∼= Char(G)× Char(S1) ∼= Char(G)× Z.
Given any element (kg, n) ∈ Char(G) × Z, the corresponding character
χkg ,n ∈ Char(Σf (G)) can be written as
χkg ,n(z, s) = exp(2piikgz) · exp(2piins)
= exp(2pii(kgz + ns))
for any (z, s) ∈ Σf (G), where kgz means z added with itself kg times.
3.4. Measures. Invariant Borel probability measures play an important
role in our definitions of rotation elements and rotation sets as well as in er-
godic theory of dynamical systems. Given any f -invariant Borel probability
measure µ on G and λ the usual Lebesgue measure on [0, 1], the product
measure µ× λ allows to define a φt-invariant Borel probability measure on
Σf (G). Reciprocally, given any φt-invariant Borel probability measure ν on
Σf (G), it can be defined by disintegration with respect to the fibers, an
f -invariant Borel probability measure µ on G. Denote by P(G) the weak∗
compact convex space of f -invariant Borel probability measures defined on
G.
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4. Rotation Theory on compact abelian groups
General aspects of Rotation Theory for compact abelian groups are
treated in this section using the notion of 1-cocycles and asymptotic cy-
cles.
4.1. 1-cocycles. A 1-cocycle associated to the suspension flow φt is a con-
tinuous function
C : R× Σf (G) −! R
which satisfies the relation
C(t+ u, (z, s)) = C(u, φt(z, s)) + C(t, (z, s)),
for every t, u ∈ R and (z, s) ∈ Σf (G). The set which consists of all 1-cocycles
associated to φt is an abelian group denoted by C
1(φ). A 1-coboundary is
the 1-cocyle determined by a continuous function ψ : Σf (G) −! R such
that
C(t, (z, s)) := ψ(z, s)− ψ(φt(z, s)).
The set of 1-coboundaries Γ1(φ) is a subgroup of C1(φ) and the quotient
group
H1(φ) := C1(φ)/Γ1(φ)
is called the 1-cohomology group associated to φt. The proof of the next
Proposition (for an arbitrary compact metric space) can be seen in [2].
Proposition 4.1. For every continuous function h : Σf (G) −! S1 there
exists a unique 1-cocycle Ch : R× Σf (G) −! R associated to h such that
h(φt(z, s)) = exp(2piiCh(t, (z, s))) · h(z, s),
for every (z, s) ∈ Σf (G) and t ∈ R.
This Proposition implies that there is a well-defined homomorphism
Char(Σf (G)) ∼= Hˇ1(Σf (G),Z) −! H1(φ)
sending any character χkg ,n ∈ Char(Σf (G)) to the cohomology class [Cχkg,n ],
where Cχkg,n is the unique 1-cocycle associated to χkg ,n.
Applying the above Proposition to any nontrivial character χkg ,n ∈
Char(Σf (G)) the following relation is obtained:
χkg ,n(φt(z, s)) = exp(2piiCχkg,n(t, (z, s))) · χkg ,n(z, s).
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Using the explicit expressions for the characters on both sides of the
above equation, the next equalities hold
χkg ,n(φt(z, s)) = χkg ,n(f
m(z), t+ s−m)
= exp(2pii(kgf
m(z) + n(t+ s−m)))
= exp(2pii(kgf
m(z) + nt+ ns))
and
χkg ,n(z, s) = exp(2pii(kgz + ns)).
Comparing these two expressions one gets
(4.1) Cχkg,n(t, (z, s)) = kg(f
m(z)− z) + nt.
In the following sections we will be using Birkhoff’s Ergodic Theorem to
study rotation sets, therefore the computation at time t = 1 is required. If
t = 1 then m = 1 and the 1-cocycle at time t = 1 is
(4.2) Cχkg,n(1, (z, s)) = kg(f(z)− z) + n.
4.2. Rotation sets for homeomorphisms isotopic to the identity.
4.2.1. Rotation sets through cocycles. Suppose that f : G −! G is a homeo-
morphism isotopic to the identity. If ν is any φt-invariant Borel probability
measure on Σf (G), by Birkhoff’s ergodic theorem there is a well-defined
homomorphism H1(φ) −! R given by
[Cχ] 7−!
∫
Σf (G)
Cχ(1, (z, s))dν.
Composing the two homomorphisms
Char(Σf (G)) −! H
1(φ) −! R
it is obtained a well-defined homomorphism Hf,ν : Char(Σf (G)) −! R
given by
Hf,ν(χkg ,n) :=
∫
Σf (G)
Cχkg,n(1, (z, s))dν.
Denote by µ the f -invariant Borel probability measure on G obtained by
disintegration of ν with respect to the fibers. Evaluating the above integral
using equation (4.2) yields
Hf,ν(χkg ,n) =
∫
Σf (G)
(kg(f(z)− z) + n)dν
= kg
∫
G
(f(z)− z)dµ+ n.
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Hence Hf,ν determines an element in Hom(Char(Σf (G)),R) for each
measure ν in Σf (G), and therefore, for each measure µ ∈ P(G). Hence
one gets a well-defined function
Hf : P(G) −! Hom(Char(Σf (G)),R)
given by µ 7−! Hf,µ, where Hf,µ is:
Hf,µ(χkg ,n) = kg
∫
G
(f(z)− z)dµ+ n.
By composing Hf with the continuous homomorphism
Hom(Char(Σf (G)),R) −! Char(Char(Σf (G)))
given by
Hf,µ 7−! pi ◦Hf,µ,
where pi : R −! S1 is the universal covering projection, we obtain a well-
defined continuous function ρ : P(G) −! Char(Char(Σf (G))) given by
µ 7−! ρµ := pi ◦Hf,µ.
The above discussion is summarized in the following theorem:
Theorem 4.2. For each µ ∈ P(G), there exists a well-defined continuous
homomorphism
ρµ : Char(Σf (G)) −! S1
given by
ρµ(χkg ,n) := exp(2piiHf,µ(χkg ,n))
= exp
(
2piikg
∫
G
(f(z)− z)dµ
)
.
By Pontryagin’s duality theorem,
Char(Char(Σf (G))) ∼= Σf (G)
and therefore ρµ ∈ Σf (G). Since Σf (G) ' G× S1 and ρµ(χkg ,n) = ρµ(χkg ,0),
it follows that ρµ does not depend on the second component so we can
identify ρµ with (ρµ, 1) ∈ G× S1.
Definition 4.3. The element ρµ(f) := ρµ ∈ G defined above is the rotation
element associated to f with respect to the measure µ.
Remark 4.4. By definition, ρµ(f) can be identified with the element
∫
G
(f(z)−
z)dµ in G determined by the character of G given by
kg 7−! exp
(
2piikg
∫
G
(f(z)− z)dµ
)
.
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That is, ρµ(f) is G-valued.
If ρ : P(G) −! G is the map given by µ 7−! ρµ(f), then ρ is continuous
from P(G) to G. Since P(G) is compact and convex, and f is isotopic to
the identity, the image ρ(P(G)) is a compact subset of G.
Definition 4.5 (Rotation set). The set ρ(P(G)) is the rotation set of f .
4.2.2. Rotation sets through functionals. Recall that the group
Hom(Hˇ1(Σf (G),Z),R) consists of all homomorphisms from Hˇ1(Σf (G),Z)
to R. Note:
Hom(Hˇ1(Σf (G),Z),R) ∼= Hom(Char(G)× Z,R)
∼= Hom(Char(G),R)× Hom(Z,R)
∼= Hom(Char(G),R)× R.
Given g ∈ Σf (G) and T > 0 there is a continuous linear functional Λg,T
in Hom(C(Σf (G),S1),R) defined by
Λg,T (k) =
∫ T
0
d
dt
arg[k](φt(g))dt,
where k : Σf (G) −! S1 is a continuous function with argument arg[k]
such that the argument is a continuous function along the orbits of the
suspension flow. These linear functionals can be described by the following
result of Schwartzman (see [26]).
Proposition 4.6. For each g ∈ Σf (G) the following conditions hold:
(1) The family of linear functionals {Λg,T}T∈R+ ⊂ Hom(C(Σf (G),S1),R)
is equicontinuous in the weak* topology.
(2) The limit points Rg ⊂ Hom(C(Σf (G),S1),R) of this family are con-
stant on equivalence classes of maps in C(Σf (G),S1).
This Proposition tells us that each rg ∈ Rg gives a well-defined element
in Hom(Hˇ1(Σf (G),Z),R) and therefore, using the comments above, an ele-
ment in Hom(Char(G),R)×R. As a consequence the linear functionals can
be written in terms of their coordinates
rg = (rg1, r
g
2) ∈ Rg ⊂ Hom(Char(G),R)× R.
Due to the explicit construction of the functional Λg,T and Rg, it is
easily seen that rg2 ≡ 1 ∈ R. Therefore rg is independent of the second
coordinate in Σf (G). Furthermore, if g = (z, s) then r
g
1 depends only on
the first coordinate z ∈ G. Therefore there is only need to consider the
components rg1 ∈ R of the linear functionals rg ∈ Rg. Let us denote rg1 by
rz.
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Definition 4.7. Suppose f ∈ Homeo+(G) and z ∈ G. The punctual rotation
set of f relative to z is
ρz(f) = {rz : rg ∈ Rg} ⊂ Hom(Char(G), R).
The rotation set of f is defined as
ρ(f) =
⋃
z∈G
ρz(f).
4.3. The rotation element a` la de Rham. If dλ denotes the usual
Lebesgue measure on S1, then, given any character χkg ,n ∈ Char(Σf (G))
there is a well-defined closed differential one form on Σf (G) given by
ωχkg,n = χ
∗
kg ,ndλ.
Let X be the vector field tangent to the flow φt and let ν be any φt-
invariant Borel probability measure on Σf (G). Define
Hf,ν : Char(Σf (G)) −! R
by
Hf,ν(χkg ,n) =
∫
Σf (G)
ωχkg,n(X)dν
and observe that this definition only depends on the cohomology class of
ωχkg,n and the measure class of ν. Hence, there is a well-defined continuous
homomorphism ρ(f) : Char(Σf (G)) −! S1 given by
ρ(f)(χkg ,n) = exp(2piiHf,ν(χkg ,n)).
Thus, as before,
ρ(f) ∈ Char(Char(Σf (G))) ∼= Σf (G).
Proposition 4.8. ρ(f) is the rotation element associated to f correspond-
ing to ν.
4.4. Rotation sets for general homeomorphisms. For a general home-
omorphism f ∈ Homeo(G), the construction made in Section 4.2 to define
the rotation element can be rewritten, mutatis mutandis, to get a rotation
element in the following way:
a. The suspension of f is the compact space
Σf (G) = G× [0, 1]/(z, 1) ∼ (f(z), 0).
b. The suspension flow of f is well-defined and given by
φ(t, [z, s]) = [fm(z), t+ s−m],
if m ≤ t+ s < m+ 1.
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c. There are isomorphisms
Char(Σf (G)) ∼= Hˇ1(Σf (G),Z) ∼= C(Σf (G),S1)/R(Σf (G),S1).
d. The image of the well-defined homomorphism
Hf,ν : Char(Σf (G)) −! R, χ 7−!
∫
Σf (G)
Cχ(1, ·)dν,
is the set (see [2]) {∫
G
ψdµ : ψ ∈ Log(G, f)
}
,
where
Log(G, f) = {ψ : G −! R : h ◦ f = exp(2piiψ)h, h ∈ C(G,S1)}.
e. Define
ρ(f)µ([h]) := exp
(
2pii
∫
G
ψdµ
)
.
5. Dynamics of translations on compact abelian groups
This section reviews the topological dynamics of translations on compact
abelian groups. This classical theory can be consulted e.g. [4, 15].
Let G be a compact abelian group and let Rα be the translation by
α ∈ G. Recall that the orbit of z under Rα is
ORα(z) = {Rnα(z) : n ∈ Z}.
The basic problem in iteration theory is:
Problem: To describe the asymptotic behavior of orbits of points in G
under iteration of Rα.
The following general definition will be useful in our analysis.
Definition 5.1. An element α ∈ G is a monothetic generator of G if the
set of translates of α, T (α) = {nα : n ∈ Z} is dense in G. If there exists a
monothetic generator of G, G is called a monothetic group.
Remark 5.2. IfG is a monothetic group with monothetic generator α, then,
since T (α) is a (cyclic) commutative group, its closure G is also abelian.
Therefore any monothetic group is automatically abelian.
Observe that the orbit of 0 under the translation Rα coincides with the
set T (α). The following examples illustrates this notion.
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Example 5.3. (1) (Cantor group Ẑ) As a consequence of Example 2.2,
the orbit of 0 ∈ Ẑ under the translation R1 is dense in Ẑ. Since this
orbit coincides with T (1), this implies that Ẑ is a monothetic group
with monothetic generator 1.
(2) (The circle group) Si α ∈ S1 is irrational then the orbit of 0 ∈ S1
under the translation Rα is dense. Hence S1 is a monothetic group
with monothetic generator α.
(3) (Tori) Si α ∈ Tn is totally irrational then the orbit of 0 ∈ Tn under
the translation Rα is dense. Hence Tn is a monothetic group with
monothetic generator α.
(4) (Universal solenoid) S is a monothetic group as showed in [8], Section
2.
5.1. Minimality of translations. A homeomorphism f : X −! X of the
topological space X is said to be minimal if every orbit is dense.
Proposition 5.4. If the translation Rα : G −! G has a dense orbit, then
Rα is minimal.
Proof. Let z, w ∈ G be any two points with orbits ORα(z) and ORα(w),
respectively. Hence
Rnα(w) = w + nα
= z + nα + (w − z)
= Rnα(z) + (w − z).
Therefore
ORα(z) = G if and only if ORα(w) = G.
 
The following result is clear:
Theorem 5.5. If α ∈ G, the following conditions are equivalent:
a. The translation Rα : G −! G is minimal.
b. G is a monothetic group with generator α.
5.2. Ergodicity of translations. This section analyzes ergodic properties
of translations. First, some general definitions on measures and integration
are briefly introduced.
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5.2.1. Haar measure. For completeness, let’s recall the definition and some
of the properties of the Haar measure of a locally compact abelian group.
Definition 5.6. A right Haar measure in G is a Borel measure µ in G
which satisfies the following properties:
• µ is finite on compact subsets, in particular, µ(G) <∞.
• µ is regular in all Borel subsets.
• µ(U) > 0 for each open subset U of G.
• µ is invariant under right translations:
µ(R−1α (E)) = µ(E) for all E ∈ B(G).
Since G is compact we can normalize the Haar measure on G such that
µ(G) = 1. The Haar measure always exists on any compact abelian topo-
logical group.
Theorem 5.7. (Haar) Every compact abelian topological group G admits
a Haar measure which is invariant under right (and left) translations. This
measure is unique up to multiplication by a scalar.
Remark 5.8. µ is a right Haar measure if and only if∫
G
Rαfdµ =
∫
G
fdµ, for all f ∈ C(G), α ∈ G.
Here, the action of G by translations on the space of complex valued con-
tinuous functions C(G) is given by:
(Rαf)(z) = f(z + α).
Example 5.9. a. If G = S1, the Haar measure on S1 is the usual Lebesgue
measure dµ = dx.
b. If G = Tn, the Haar measure on Tn is the usual Lebesgue measure
dµ = dµ1 × · · · × dµn.
5.2.2. Statistical behavior of orbits of translations. Let z ∈ G be any point
and U ⊂ G an open subset. The time that the orbit of z spends in U under
iterations of Rα can be measured as:∣∣{0 ≤ k ≤ n− 1 : Rkα(z) ∈ U}∣∣ .
(|·| denotes the cardinality of the set.) If the limit
lim
n!∞
1
n
∣∣{0 ≤ k ≤ n− 1 : Rkα(z) ∈ U}∣∣
exists, then it measures the “average time” that the orbit of z spends in U .
Observe that
Rkα(z) ∈ U ⇐⇒ χU(Rkα(z)) = 1,
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where χU denotes the characteristic function of U . The limit
lim
n!∞
1
n
n−1∑
k=0
χU(R
k
α(z))
is called the temporal averages (Birkhoff’s averages, or ergodic averages) of
the function χU . Now the problem of iteration can be stated as:
Problem: To study the convergence of ergodic averages.
If ϕ ∈ C(G), the temporal averages is defined as:
lim
n!∞
1
n
n−1∑
k=0
ϕ(Rkα(z))
and the ptoblem is to study their convergence. This is the content of the
celebrated:
Theorem 5.10. (Birkhoff Ergodic Theorem) If ϕ ∈ L1(G), then the
limit
lim
n!∞
1
n
n−1∑
k=0
ϕ(Rkα(z))
exists for almost all points z ∈ G (with respect to the Haar measure µ).
There are many extensions and several ways to prove the ergodic theo-
rem. Here is a version which uses the notion of invariance.
Definition 5.11. Let ϕ ∈ C(G). The function ϕ is invariant under Rα if
ϕ(Rα(z)) = ϕ(z) = ϕ(R
−1
α (z)) for all z ∈ G.
According with this definition, a function ϕ is invariant under Rα if ϕ is
constant along the orbits of points in G under iterations of Rα.
A subset U ⊂ G is called invariant under Rα if χU is invariant under
Rα. That is,
Rα(U) = U = R
−1
α (U).
The translation Rα is said to be ergodic with respect to the Haar measure
µ, if for any invariant subset U of G it holds
µ(U) = 0 or µ(U) = 1.
According with the ergodic theorem, if Rα is ergodic with respect to the
Haar measure µ, then
lim
n!∞
1
n
n−1∑
k=0
ϕ(Rkα(z)) = µ(ϕ) :=
∫
G
ϕdµ
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is constant for almost every point z ∈ G (with respect to µ).
If ϕ = χU , then
lim
n!∞
1
n
n−1∑
k=0
χU(R
k
α(z)) = µ(U).
That is, the orbit of any point in G go through any subset U of positive
measure. Moreover, the orbit of any point z ∈ G, under iterations of Rα,
remains in the set U during an interval of time proportional to µ(U).
The following remark is an important characterization of ergodicity:
Remark 5.12. Rα is ergodic with respect to µ if and only if the only
invariant functions under Rα are constant functions.
5.2.3. Ergodicity of translations on compact abelian groups. The properties
shown in previous sections are also valid for translations on any compact
abelian group. Recall the following notions from classical Fourier analysis.
For any function f ∈ L2(G), the Fourier coefficients of f are given by
f̂(χ) :=
∫
G
f · χdµ (χ ∈ Char(G)).
Since G is compact, it follows that Char(G) is discrete (countable) and
the Fourier series of f (convergent with respect to the norm in L2(G)) can
be written as:
f(z) =
∑
χ∈Char(G)
f̂(χ) · χ(z).
Lemma 5.13. If G is a monothetic group with generator α, then χ(α) 6= 1,
for any nontrivial character χ ∈ Char(G).
Proof. Suppose there exists χ ∈ Char(G) \ {1} such that χ(α) = 1. Since
χ is a homomorpism, it follows that
χ(nα) = χ(α)n = 1,
for any n ∈ Z. This implies the translates of α, T (α) is a proper subset of
the kernel of χ, i.e. T (α) ⊂ ker(χ). Since χ 6= 1, it follows that ker(χ) is a
closed and proper subgroup of G. This implies that T (α) is not dense in G,
that is to say, G is not monothetic.  
Theorem 5.14. If α ∈ G, then the following conditions are equivalent:
a. The translation Rα : G −! G is ergodic with respect to the Haar mea-
sure.
b. G is a monothetic group with generator α.
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Proof. The proof of (a) =⇒ (b) is completely analogous to the cases of the
circle and the torus. We prove the implication (b) =⇒ (a).
According to the last Lemma, if G is a monothetic group with generator
α, χ(α) 6= 1, for any nontrivial character χ ∈ Char(G). We prove that Rα
is ergodic with respect to the Haar measure.
Let f ∈ L2(G) be an invariant function under Rα. Writing its Fourier
series as
f(z) =
∑
χ∈Char(G)
f̂(χ) · χ(z),
this implies
f(Rα(z)) =
∑
χ∈Char(G)
f̂(χ) · χ(z + α)
=
∑
χ∈Char(G)
[f̂(χ)χ(α)] · χ(z).
This means that the translation “acts” in functions on L2(G) by multi-
plication of the Fourier coefficient f̂(χ) by χ(α).
Since f is invariant underRα, it follows that f(Rα(z)) = f(z). By unique-
ness of the Fourier coefficients we conclude that
f̂(χ) = f̂(χ)χ(α).
By hipothesis, χ(α) 6= 1 if χ 6= 1. Hence
f̂(χ) = 0 if χ 6= 1.
This implies that f(z) = f̂(1) = constant. Therefore Rα is ergodic with
respect to µ.  
6. Basic examples: the circle, the torus and the solenoid
This section briefly describes the theory on three fundamental examples
of compact abelian groups: the unit circle S1, the torus T2 and the solenoid
S. The theory on the first two groups has been developed during the last
century. The theory on S is developed very recently in the article [6]. The
general theory presented in Section 4 is based on this work.
6.1. Rotation sets and dynamics on S1. Recall that the unit circle S1
is a compact connected abelian topological group. Denote by Homeo+(S1)
the group consisting of all homeomorphisms of S1 which are isotopic to the
identity. The suspension Σf (S1) of any f ∈ Homeo+(S1) is homeomorphic
to S1 × S1 and
Hom(Char(S1),R) ∼= Hom(Z,R) ∼= R.
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So the translation set is a subset of R and consequently the rotation
set ρ(f) is a subset of S1. This set consists of a single point and using
Theorem 4.2 and the fact that both definitions depends on the integral of
the displacement function f − id with respect to an invariant measure, this
number coincides with the usual rotation number of Poincare´.
The relationship between the rotation number ρ(f) and the dynamics of
the homeomorphisms f is subsumed in the following:
Theorem 6.1. (Poincare´) Suppose f ∈ Homeo+(S1) with rotation num-
ber ρ(f).
a. ρ(f) is rational if and only if f has a periodic point.
b. If ρ(f) is irrational then f is semiconjugated to the rotation Rρ(f). The
semiconjugation is a conjugation if and only if all the orbits of f are
dense.
6.2. Rotation sets and dynamics on T2. Denote by Homeo+(T2) the
group consisting of all homeomorphisms of T2 which are isotopic to the
identity. The suspension Σf (T2) of any f ∈ Homeo+(T2) is homeomorphic
to T2 × S1 and
Hom(Char(T2),R) ∼= R× R,
since Char(T2) ∼= Z× Z.
So the translation set is a subset of R×R and consequently the rotation
set ρ(f) is a subset of T2. In the article [24], the authors give some properties
of this set. One of the most important is that this set is compact and convex
for any f ∈ Homeo+(T2). The next theorem (see [7]) establishes conditions
on the rotation set to get periodic orbits as in Theorem 6.1.
Theorem 6.2. (Franks) Let f ∈ Homeo+(T2) such that ρ(f) has nonempty
interior. If a vector v lies in the interior of ρ(f) and both coordinates are
rational, then there is a periodic point x ∈ Tn with the property that
F q(x0)− x0
q
= v,
where x0 ∈ R2 is any lift of x, F is a lift of f and q is the least period of x.
Later on, in [13] the author obtained a version of the semiconjugation
theorem as in Theorem 6.1 for irrational pseudo-rotations with bounded
mean variation. Here again, the bounded mean variation condition plays a
fundamental role.
Definition 6.3. f ∈ Homeo+(T2) is an irrational pseudo-rotation if there
exist a vector ρ ∈ R2 with both coordinates irrational and a lift F : R2 −!
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R2 such that:
lim
n!∞
Dx(F
n)
n
= ρ, (x ∈ R2).
The displacement function D : Z× R2 −! R2 of a lift F n of fn is:
D(n, x) = F n(x)− x− nρ.
F is said to have bounded mean variation with constant C ∈ R if
‖D(n, x)‖ ≤ C
for any n ∈ Z and x ∈ R2.
Theorem 6.4. (Ja¨ger) Let f ∈ Homeo+(T2) be a pseudo-rotation with
rotation vector ρ(f) ∈ R2 and which satisfies the bounded mean variation
condition.
(1) ρ(f) is totally irrational if and only if f is semiconjugated to Rρ(f).
(2) ρ(f) is totally rational if and only if f has a periodic point.
6.3. Rotation sets and dynamics on S. In the article [6] the authors
extend the notion of the rotation number for a homeomorphism isotopic
to the identity of the one-dimensional universal solenoid S. The universal
solenoid is a compact connected abelian group and a sort of ‘generalized
circle’ described as the projective limit
S = lim −
n∈N
R/nZ
with additional foliated structure. The authors uses duality theory and as-
ymptotic cycles to describe this rotation element. We briefly describe the
construction and the details can be consulted in [6].
Let f : S −! S be any homeomorphism isotopic to the identity which
can be written as f = id+ϕ, where ϕ : S −! S is the displacement function
along the one-dimensional leaves of S with respect to the affine structure.
Since f is isotopic to the identity, the suspension space Σf (S) of f is
homeomorphic to the direct product S× S1 and again we use the structure
of compact abelian topological group of this product. The character group
of the suspension is
Char(Σf (S)) ∼= Char(S)× Char(S1) ∼= Q× Z.
The associated suspension flow φt : Σf (S) −! Σf (S) is given by:
φt(z, s) = (f
m(z), t+ s−m), (m ≤ t+ s < m+ 1).
Now, for any given character χq,n ∈ Char(Σf (S)), there exists a unique
1-cocycle
Cχq,n : R× Σf (S) −! R
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associated to χq,n such that
χq,n(φt(z, s)) = exp(2piiCχq,n(t, (z, s))) · χq,n(z, s),
for every (z, s) ∈ Σf (S) and t ∈ R. From here it is obtained an explicit
expression for the 1-cocycle Cχq,n(t, (z, s)) and, by Birkhoff’s Ergodic The-
orem, there is a well-defined homomorphism
Hf : Char(Σf (S)) −! R
given by
Hf (χq,n) =
∫
Σf (S)
Cχq,n(1, (z, s))dν,
where ν is a φt-invariant Borel probability measure on Σf (S). The explicit
calculation of the 1-cocycle implies that the last integral only depends on an
f -invariant Borel probability measure µ. So, if Pf (S) is the weak∗ compact
convex space consisting of all such measure on S, the well-defined continuous
homomorphism
ρµ(f) : Char(Σf (G)) −! S1
given by
ρµ(f)(χq,n) := exp(2piiHf (χq,n))
determines an element in Char(Char(Σf (G))) ∼= S × S1 not depending on
the second component. By Pontryagin’s duality theorem, it defines an el-
ement ρµ(f) ∈ S called the rotation element associated to f , which is the
generalized Poincare´ rotation number.
As expected, ρµ(f) is an element in the solenoid itself and it measures,
in some sense, the average displacement of points under iteration of f along
the one-dimensional leaves with the Euclidean metric.
If ρ : Pf (S) −! S is the map given by µ 7−! ρµ(f), then ρ is continuous
from Pf (S) to S. Since f is isotopic to the identity, the image ρ(Pf (S)) is a
compact subset of S.
Definition 6.5. The rotation set of f is ρ(Pf (S)).
Since the pathwise components of S are one-dimensional leaves, this set
ρ(Pf (S)) is a compact interval If , which, up to a translation, is contained
in the one-parameter subgroup L0. Since L0 is canonically isomorphic to R,
it is possible to identify If with an interval in the real line. In particular,
if f is uniquely ergodic, then the interval If reduces to a point and in this
case, this unique element of S is the rotation element of f .
Let us recall the following definition ([6]):
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Definition 6.6. A homeomorphism f : S −! S is said to have bounded
mean variation if there exists C > 0 such that the sequence
{F n(z)− z − nτ(F )}n≥1
is uniformly bounded by C. Here, F is any lift of f to R × Ẑ, τ(F ) is a
lifting of ρ(f) to R× Ẑ and z ∈ R× Ẑ.
This definition does not depend on the lifting. The first part of the
generalized Poincare´ Theorem in [6] is stated as follows:
Theorem 6.7. (Cruz-Lo´pez and Verjovsky) Suppose that f : S −! S is
any homeomorphism isotopic to the identity with irrational rotation element
ρ(f) ∈ S. The homeomorphism f is semiconjugated to the irrational rotation
Rρ(f) if and only if f has bounded mean variation.
The question remains:
Question 6.8. Under the same hypothesis of this theorem, is f conjugated
to the rotation Rρ(f) when f is minimal?
7. Entropy and rotation sets
This section presents some relations between rotation sets and topologi-
cal entropy (that will be called just entropy) of homeomorphisms of certain
compact abelian groups. Denote the entropy of a homeomorphism f of a
topological space by htop(f). Entropy is a useful tool to estimate the com-
plexity of a given dynamical system, which can be seen as the growth rate
of the number of orbits of the system. A general reference on this topic is
[15] where it can be found the explicit definition of entropy.
Example 7.1. For any f ∈ Homeo+(S1) the entropy htop(f) is 0 (see [15],
Corollary 11.2.10). It should be emphasized that the behavior of orbits of
points under iteration of f is determined by the rotation number ρ(f).
Actually, this is true for any homeomorphism of the circle.
In the case of the universal solenoid a similar result holds.
Example 7.2. For any f ∈ Homeo+(S), htop(f) = 0 (see [20], Theorem 2).
In this case we do not know if the behavior of orbits is only determined by
the rotation set, but there are some works in this line cited before.
However, it is not true that any homeomorphism of the solenoid has null
entropy. In [20] it is proved that the topological entropy of these homeo-
morphisms only depends on the isotopy class. For instance, multiplication
by 2, q
f2
7−! 2q, is an automorphism of Q and, since S is the Pontryagin dual
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of Q, it induces a dual map f̂2 : S −! S. This map is an expanding map
and has positive entropy.
The case of the torus T2 is more subtle because it is not true that for any
f ∈ Homeo+(T2), htop(f) = 0. In [21] it is proved the following theorem:
Theorem 7.3. If f ∈ Homeo+(T2) has three or more periodic orbits with
noncollinear rotation vectors, then f has positive entropy.
In particular this implies, using Theorem 6.2, that for any f ∈ Homeo+(T2)
such that ρ(f) has nonempty interior, the entropy is positive. The authors
also prove that f has a kind of chaos called “toroidal chaos”.
In this line of ideas, in [19] appears the definition of topological entropy
at the rotation vector for any f ∈ Homeo+(T2). Topological entropy at the
rotation vector is a function with domain of definition the rotation set ρ(f)
taking real values. The value of the topological entropy of f is its maximum
value. The author shows that the topological entropy is positive at the
rotation vector that lies in the interior of the rotation set. This idea has
been generalized very recently in [17] and [18].
Remark 7.4. As a conclusion of this section the following questions arise:
(1) What is the relationship between entropy and rotation sets for gen-
eral compact abelian groups?
(2) What is the relation between the rotation set and the set of periodic
orbits?
(3) Can be generalized the definition of topological entropy at the rota-
tion vector for getting similar results as in [19]?
Strongly related to Question (2) is the analysis of rationality for rotation
sets of homeomorphisms of solenoids made in [22].
8. Final remarks
In order to be able to describe dynamical properties of a general home-
omorphim of a compact abelian group, it is important to understand the
structure of the complete group of homeomorphisms Homeo(G) of G. The
first kind of results is already provided in [16]:
Homeo(G) ' G× Homeoe(G),
where G is identified with the group of translations and Homeoe(G) is the
subgroup containing all homeomorphisms which leaves fixed the identity
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element e ∈ G. When G = S is a one-dimensional solenoidal group, the
author proved much more:
Homeoe(S) ' Aut(S)× Homeo0(S)
where Aut(S) denotes the group of continuous automorphisms of S and
Homeo0(S) denotes the set of all homeomorphisms isotopic to the identity.
In this case the group Homeo0(S) is contractible.
So the first question arises:
Question 8.1. For a general compact connected abelian group G, is it
possible to get a decomposition Homeoe(G) ' Aut(G) × Homeo0(G) with
Homeo0(G) contractible?
In the case of an affirmative answer for this question, one could analyze
the dynamics of the particular cases f ∈ Aut(G) and f ∈ Homeo0(G).
The case of translations (which are contained in Homeo0(G)) was already
studied in Section 5 where it was established that any translation Rα is
ergodic if and only if the group G is monothetic with monothetic generator
α. For Aut(G), the next theorem in [10] does the job:
Theorem 8.2. (Halmos) A continuous automorphism of a compact abelian
group G is ergodic if and only if the induced automorphism on the character
group has no finite orbits.
Corresponding to the factor Homeo0(G) and according with the ideas
mentioned in this note, for any compact abelian topological group G there is
a well-defined rotation set. However, it can be trivial, or perhaps it couldn’t
give us any dynamical information. Even in the case when the theory is not
trivial we do not know general properties of the rotation set, for example,
it is unknown to us if the rotation set is always compact or closed. Also,
one can ask for the convexity of the rotation set when Hom(Char(G),R) is
equipped with the structure of an R-vector space.
The natural question, according with classical Rotation Theory, states:
Question 8.3. Does there exist a semiconjugation theorem with the correct
hypothesis as in Section 6.3?
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